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ABSTRACT 


In the field of feedback compensation, there are a variety of tech- 
niques available to achieve desired results. However, a new design 
technique is introduced by which the process of compensation becomes a 
simple process rather than one plagued by trial and error, 

Once this technique is discussed, acceleration feedback compensation 
is used exclusively, and a general rule as well as a nomogram is developed 
for the compensation of second order systems. Higher order systems are 


also considered and the most interesting of cases noted. 


A 
- 


Among the techniques used by the author to establish the various 
conclusions reached, analogue computer simulation and digital computer 
solution of characteristic equations was employed and is discussed in 


the Appendices, 
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INTRODUCTION 


If a system is to be made stable or must be altered to meet the 
specifications set by a certain application, it is said to be in need of 
compensation, At present, there are a variety of methods available that 
enable this compensation to be achieved, However, there is a great deal 
of trial and error in many of these techniques; and as a result they leave 
quite a eit to be desired when it comes to energy and time spent in 
obtaining the desired result. Therefore, in this thesis we would like to | 
exhaust the possibilities available using feedback compensation techniques 
in the hope of establishing a Kat of rules that can be followed by the 
design engineer in order to compensate various type systems. 

The method of attack to be employed is one in which the entire system 
is reduced to an equivalent single block in cascade with some unknown 
compensator, Then the unknown compensator can be selected rather easily 
to yield a system that responds as desired, Chapter One deals primarily 
with the concept of this method, and díscusses its application to multi- 
دوہ‎ systems, 

There are many practical methods of feedback compensation, two of 
which are first derivative feedback compensation, and second order or 
acceleration feedback compensation, and these are among the most important 
possibilities. This paper deals primarily with the application of accelera- 
tion feedback to compensate multi-order systems, Chapter Two and Four 
illustrate the effect of thís type of compensation on second order and 


multi-order systems respectively. 








Al ρω «— 4 | 
p^ مہو‎ (ao Pi, Lt ملا رھ رد‎ Ly, p ons 


bo to be derived and a graph developed from which the compensation problem is 
easily solved once the initial and desíred set of condítions are established, 
Chapter Three presents this "Nomogram along with several examples to 


illustrate its use, It should be noted however that its use need not be 





confined just to second order systems, but may prove extremely helpful in 
compensating third systems which have a real root that is far out on the 
negative real axis, 

It is hoped that by this presentation the areas of interest pertaining 
to acceleration feedback may be completely brought to light. Once this is 
done, this type of compensation can either be readily used or rapidly dis- 


carded as a possible compensation scheme, 





CHAPTER ONE 


THE CASCADE COMPENSATOR 


\ 


A new technique is to be presented in this chapter by which the 
entire system can be reduced to an equivalent block in "Cascade with a 
Compensator, This can be accomplished by opening a loop of the system 
at some point to which it is desired to feedback a signal (or where it 
is convenient to pick off a signal and feed it back), reduce all the re- 
maining blocks to an equivalent block and then close the loop. In so 
doing, the desired condition of the entire system represented by its equiva- 
alent block in cascade with a compensator will be obtained, This is strictly 
general in nature, and can be applied to any system. This technique now 


leaves the compensator problem in the following form: 





EQUIVALENT 
s BLOCK 
SO) "COMPENSATOR" اث‎ 
> AA ENTIRE 
- SYSTEM 


Then the characteristic equation of the resultant system can be obtained 
very easily for each compensator that we may desire to use by simply per- 
forming block diagram addition. Thus, knowing what the specifications 

are, a compensator can be selected of such a form that will yield a 
resultant characteristic equation having roots that satisfy the initial 
specifications, It is a technique that apparently eliminates a lot of time, 
since many compensators can be discarded rather swiftly. It also cuts 


down on the labor involved, since the reduction need be performed only 


3 





once and then the various compensators may be tested without again having 
to reduce the system, unless it is desired to select E place for 
the compensator. 

At this point, it would be best to illustrate the above discussion 
by considering several simple systems. First consider a second order 


system having unity feedback, 


Q Q ] Km l G 
K S(S+p) 


Now suppose that for some reason it is desired to use compensation 
on this system to improve its performance., Say, for example that its 
. 9 CH ) is much too low and must be improved if it is to be 
used in a certain application. Therefore, selecting point (2) and point 
(1) as convenient pick off and feed back points, it is desired to find out 
what type of compensator should be used between these two points to obtain 


the desired results. 


OS | K Km 





Thus by opening the loop at point * 





Combining 4 Ko ۱ 
5 ) 5*9) 
K 


= — Eu K 
Boss: AUD BN ul 
[1 اکا‎ Se ps «Kf 
s(S+p) 


Therefore 





Thus now a way of determining the characteristic equation of the 
entire system for any compensator placed between points (1) and (2) of 
the system is available, For example selecting X to be tachometer 
feedback, that is, X = Ks 


Let's see what the characteristic equation is: 
IaKGH s ١ + کیا‎ =O 
52 5 F κα. 
2 





This will give a root locus of the following form: 


A 


Roor 


and the roots that are desired may be selected by variation of Ko In 


any event the effects of adding this type of compensator to our system 


1 
can readily be seen, 


If we want to make X = Kep 
y 1 (S τοι.) 


the characteristic equation would be 


|+HGH = | + Ka Km) = 0 
(ss? ps +K, Km) 


which results ín the following: 


| 


| 


8 
| 








so that perhaps only for certain values of feedback gain could the 
system's characteristic be improved. 

However, the idea has been established that a study of the effect 
of numerous compensating devices can be accomplished easily once the 
entire system has been reduced to this form. 

Let's then extend this method of attack to more complicated problems 
so that the ease in handling even the more complex systems may be 


pointed out. 


Suppose that the system to begin with is as shown below: 
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Km 
| + He Km A . 
s(s 4T) (St, « 1) 


so that: 
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— TOTAL 


SSE +8) 


\ T Krorau 


ο SASA) 


- 1 η. 


080 ص-‎ ٠ 


d.‏ | ا 
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o pr a‏ 


Therefore suppose the values of the various parameters in the initial 


eec E 


System are such that the roots are: ie Low VaLve 


Rear Roor 





and give an unsatisfactory system performance, If this system is to be 
used something must be done to make its response behave as desired, If 
a compensator is to be used where shall it be placed? Looking at the 

physical picture representing our system, points (1) and (2) look like 
the most probable place to pick off and feed back a signal, Therefore, 
putting some unknown compensator between these points let's perform our 


reduction once again, 













RA 
sy s (pra) + PAS + Kronu 


The compensator can be selected and its effects immediately noted to 


see if it will perform the job required, 
That is, suppose X = κι S 
then 
IH KCH = V+ Kora Me 5 
ss” (Pra) +a S SX Loud 








so that: 





we may obtain good system performance if κ. is the appropriate value, 
The same analyses can be performed on any compensator selected until 
one that will meet specifications is found, 


Finally consider the following multi-loop system, 





10 





Selecting points (1) and (2) as the pick off and feedback points 


result in the following: 





Q 
EQUEVALENT A 


۰۰ئ0 
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EQUIVALENT 2 


ETC. 
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3 ς a 


Therefore, 


Gan e α, 


I+ GCs. + G64 G,G, 


Therefore if the transfer functions were available the initial character- 
istic equation could be found so that the effect on various compensators 
can be studied. This then illustrates the general approach taken for any 
system, 

j 

To date, it has just been stated that this manipulation would give 
the resultant characteristic equation, Now an attempt to prove that this 


١ 
| 12 


Gy 








is so shall be made by comparing the characteristic equation obtained by 

this method with the one obtained using straight forward block diagram 

reduction. For example consider the second feedback previously discussed, 
That is 


o n 
S 6 > s(s+P) 


K S 


LI X x κ. s by simple block diagram reduction the following will be ob- 


tained: 


Km 


S^ Ρ5 1 Kms 








Y K Km 
ἅν Sx rs KKS 


while KGH from the block diagram is: 


bom 


S“4ps ak) KS 
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this gives 


|+ KGH 0 = \+ ew 


5ع مم کا + 5 P‏ — 


2 


- st tps +KmKes +h, Km 
Ss“ + 5 + ہم کا‎ KeS 


but from our previous derivation 


laKGH یچ‎ = ١+ Kms 
S*4ps + Ki Kw 
s^ 4p ک ہکا ہہ کا+ کے‎ + K Km 
Se + Ps +i Km 


The numerators are identical and are the characteristic equation, 


This is exactly the same result obtained employed the new reduction 
technique explained previously, Just one such proof will be presented 
here since in the next chapter when we deal strictly with acceleration 
feedback, the characteristic equation shall be obtained by several 
methods. Once again however the technique presented here is by far 
faster and more adapted for use in analyzing various compensating devices 


and their effect on the overall system, 
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CHAPTER TWO 
THE EFFECTS OF ACCELERATION 
FEEDBACK UPON A SECOND ORDER 
SYSTEM 

The design of a feedback control system involves a compromise 
between the magnitude of the steady state error and the degree of sta- 
bility. After the first analysis of the system, it may be found that 
the system has too great a steady state error (possibly K, is too small); 
or the steady state errors may be within specifications, but the system 
is too close to instability (i.e., the damping ratio is too small). In 
either case the system must be provided with compensation in order to 
function in accordance with certain specifications, This chapter shall 
deal primarily with the utilization of acceleration feedback as the means 
of compensation, 

However in performing an investigation utilizing acceleration feedback, 
let's select a practical type problem - one that is of some importance in the 
application of certain systems, One common problem arises when the roots of 
a system provide a damping ratio that is entirely too low causing excessive 
oscillation. Since in most cases, the characteristics of the particular 
devices utilized are fixed (i.e., the gain and transfer function that 
represent chess pieces of equipment often depends upon internal make up 
or construction and cannot be changed), acceleration feedback is then one 
way in which a better system response, can be obtained, As a matter of 
fact it will be seen that utilizing this type of feedback compensation the 
engineer need only select the desired ہا‎ of the roots of the system, 


and the value of gain to be used in the feedback loop as well as the com- 


pensator parameters will be readily available, 
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Let us consider the following second order system, with inherent 


values of gain Ky Κ, such that the roots obtained possess a damping 


ratio of the order O, 1 0 less, 





New in the discussion of acceleration feedback, pure acceleration 


feedback as a possibility will be eliminated because επ ΡΕ results 


even when it is used is still too low to be of practical value, This can 


be proven by the following illustrations, 


A) To prove pure acceleration feedback provides a Pole and zero 


configuration that is undesirable 








5+ كاك + 5م‎ S 
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Therefore 


le. KK 
9. — s(s«p) *KaK, st «KK 


and the characteristic equation is 
zZ 
on (sp) + KK, s + Kz = O 
so that 
2 
کہ لہ = و00‎ 
5” + ps aK Ks 


X 


x 


Two examples to show the effects of pure acceleration feedback will 


now be presented. 
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Therefore, with pure acceleration eliminated as a possibility, what 
exactly is meant by acceleration feedback? How else can it be obtained? 
It will be noted that first derivative feedback can almost always be 
obtained, either from the simplest case when a tachometer pickoff can be 
used to feed the signal back to the more complex when filters are used to 


obtain it. (In this regard, S is very closely approximated if the pole 


Kt 
of the filter is very far out on the negative real axis- the analogue com- 
puter is a common illustration of a device which does utilize this 
principle to attain first,-derivative feedback.) Therefore by putting this 
first derivative signal into an appropriate filter, the desired transfer 


function of the feedback loop can be obtained, 


Taking the general case for a Second order system 
SO K Na 
2 | 5(S+P) 


since 





Cour = ο. CAE 
S + 


a 
WHERE o“ = i 
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if we also define CES A 5 3 Ke = Ky AS 


K Z 
Then we have Cour = t 5 





Now reduce entire system to an equivalent block in cascade with the compen- 


m 9 τν 
۱ 4 
S(s+P) 


| Ke Cour 


sator 





Ka s^ 
Stoa 


combining K E Kz 
5 )5+ ©( 
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Kz 
G equivalent = K 
و‎ ۳ - 
5 + 5 + دكا ,كا‎ 


LS KM3 


S(54 (م‎ 


Therefore for the entire network 
با کت‎ 
S Az — Sa 


(5 tos (Κα) 


Grotal E 


K, (Sta) 
.۸ء0‎ s* «pss ےکا ہد ( چک کا‎ Ma s 


Ka (S42) 


5? «(KK «p 5? +(K K,rap)s + KKA 


and characteristic equation is 


rK, (x70‏ جو T + (Ka Kz p+) Ss AK‏ = ی۳۰۰ 













KZ Ged) 
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Therefore ©: S = K, K4 (5*4) 
Or SS Ke s 4G eps I 


Another way to look at problem of reduction; 





E. = O K 2 (5 1ος) 
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Therefore 
4 جم‎ Ko (5+0) & 
x ^ s (s4p)( S44) +K Ms F 


نهاك يه 
K2 τοὺ‏ سد er 1 5)5+ ps + K, Kas“‏ 


This checks with (1) 


Therefore the characteristic equation of the system can be written: 


| t KGH -. s(sspiss e Kay s Ke) 20 


° KK, s^ A 


(5 +00) ( SM PS + K,K2) 


Thus it can be seen we do obtain an additional pole determined by the 


parameters of our filter. 


Xp 


oL 


X E 


The above root locus diagram illustrates variable pole and zero locations. 
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Finally employing the reduction method discussed in Chapter One, 


the compensator will be put directly in cascade with network 
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then 
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The characteristic equation is still; 


Dx XS KS s? JD 
(s*+ps4 KK, (Sta) 


It will be noted that in presenting the general case under study for 
the second order system several methods of reduction were employed to 
obtain the resultant characteristic equation, This was done to further 
illustrate the ease of manipulation of the method presented in Chapter 
One over the others and to prove that the characteristic equation is the 
same no matter what method of reduction is used, 

Before continuing, let's look at the value of the velocity error co- 
efficient K; to see what effects this type of compensation has upon it 


since 






K, (Stel) 
s(s+p\(ssol) + Ka Kas” 








ψ 


was obtained using the block diagram method. Based upon a system which 


has unity feedback (H = 1) the velocity error coefficient is defined 


κ, = Tan s KGG) 


Sb P O 
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Therefore 
K, = £m 5 Ki Ka Ste) 1 
S>0 S®+(K2K, +p+a)5 > 


u 


KCR κ 
p y 








Hence, it can be seen that for any particular second order system having 
a gain KK, and a pole P, the κ will be constant regardless what the gain 
in the feedback loop (κ) is. 

Having obtained the characterístic equation of the entire system when 
this type of compensation is employed the following questions then must be 
answered. Exactly what effect does this type of device have on the system? 
Does it improve its performance and if so, in what way? Is there a method 
of generalizing the effects of this type of compensation? And finally, will 
it be of practical interest to the control engineer? 

Before these questions can be answered however the resultant root locus 
must be analyzed so that it may become clear exactly where the new roots of 
the system may be placed using acceleration feedback. Knowing the location 
of the roots the transient response can be obtained to see if the operation 
has been improved.With this information on hand the remaining questions can 
be answered rather simply. 


Therefore if the characteristic equation of the resultant system is 


|+ Ka Ke d 
(ss 0 Ke Sra) 
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the root locus will take the following form (See Appendix A) 


^ 
“- 
a. 
; 
2 o 
0 L 
: 





As illustrated the root locus consists of pure circles and semi circles 
(especially if the initial roots have a damping ratio that is relatively 
low (say 0.1) or less and the location of the compensator pole is 0.05 p 
or less). If the initial roots possess larger and larger damping ratios 
the root locus will stíll be very close to the pure circles and semi circles, 
However if it is desired to have the compensator pole further out on the 
negative real axis the root locus deviates somewhat from the pure circles 
and semi circles until a critical value is reached at which the root locus 
doesn't touch the real axis at all, This fact is illustrated also from root 


locus plots taken utilizing the Esiac plotter, 
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Using Esiac - obtain plots for 


Case a. 


Case b, 


Case C. 


Case d. 
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It then has been noted exactly what the shape of the root locus will 
be for various compensator poles and initial system roots. It is obvious 
however that if the system has roots initially having a large damping ratio, 
there will be little need for compensation, Therefore for low initial damping 
ratios, the root locus will be closely approximated by pure circles and semi 
circles. 

The results obtained by this type of analysis will be used again, and 
discussed in more detail in the next chapter in the development of a nomogram, 
Now let's consider the transient response that can be expected from 

this system, If the root locus that results using this type of compensation 

on a second order system is studied it will be noted that if it is possible 

to drive the gain to very high va luph (which can be accomplished by variation 
of κ) the complex roots can be placed on the inner circle, As a result, the 
real root is far out on the negative real axis, Thus we have almost a pure 
second order resulting with the complex roots response (having a desirable S ) 


being the dominant roots without any question at all, 
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However if the roots are placed on the outer semi circle, there is 
some doubt as to whether those roots will be dominant or not, Therefore 
an analoque computer set up was utilized to determine the transient response 
of the system when the roots were placed on the outer semi circle, when 
the roots were real, and finally when the roots were placed on the inner 
circle. (See Appendix B for analoque computer set up). From the results 
obtained it was noted that the roots on the outer semi circle are dominant, 
since the real root lies very close to the compensator pole which is a zero 
of the system function and almost completely cancels out the effect of this 
real root, 

To illustrate these results the following tranient responses are 
presented for various compensator pole positions and various initial 
to prove the dominance of the roots and the variation of the root position 


by increasing Ka: 


39 





| 
EL feo SUSTEMEERNEERATETTTTT 
= 3 OMEENSAFED | = = ES 








E ο κ ص‎ — EE 
ge [> ص‎ 
== = ص ہے‎ ος ες τς 
— ص ص ي ى ي‎ E EL LE 
= a 7 — Sr کے‎ 


a 
— 




















کم کے کس 




































EE GAs fae Cio Nis ATE EMT — 
à ERE = — — ===> 
— ΠΠ LEE E 702 

Be ie E — = 


EXER 
EL —— 
E 














S=========== 

ο Αα ας a 
L== ====== ےت‎ 7 ase Ea — 
کی کے کک کس کک سے سک کے ےے ےےچے۔‎ u = 





















Figures 2-11 ae ع‎ 


ILLUSTRATE THE TRANSIENT RESPONSE FOR THE INITIALLY UNCOMPENSATED SYSTEM, AND 
HOW THE ADDITION OF APPROXIMATE ACCELERATION FEEDBACK AFFECTS IT FOR VARICUS 
POSITIONS OF THE COMPENSATOR POLE, 
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To summarize the effects of employing this type of acbeteration feed- 

back on a second order system, the following statements Es made: 

1) For an original system, having a low So , the root locus will 
consist of pure circles and semi circles for a compensator pole 
having a value of (.05P) or less. The deviations from these 
circles and semi circles can be noted on pages for different 
compensator poles and different initial Se a 

2) The complex roots obtained by variation of K are dominant, 

κ can be set to give the roots in the desired location, improving 
o performance, 

3) If the gain K, can be made high enough, the result will be a 
second order system العم‎ ed with roots having a desired { 1 

Thus it can be easily seen-that an improvement in system response can 

be definitely obtained. This improvement can be established simply by 
variation of the acceleration feedback gain Ky and if certain limitations 
are met, a set of rules can be established whereby the exact value of Ka 


and X required to yield roots in the desired location are simply obtained. 


This generalized approach is the topic to be covered in Chapter Three, 
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CHAPTER THREE 


THE NOMOGRAM 


Once it has been decided to use the type of compensation discussed 
in Chapter Two, the value of the compensator pole OC and the feedback gain 
κ, are readily available. For the second order system, a graphical 
approach utilizing a nomogram to obtain the appropriate value of oC and 
Ka will be presented, On the nomogram, the actual desired position of the 
roots can be selected and the required values for oC and K, can be either 
read off directly, or calculated quite easily. It should be pointed out 
that this method may also provide answers which are a very good approxima- 
tion to the actual values for a third order system which has its real root 
far out on the negative real axis. 

In the following chapter this method shall be illustrated, and several 
example problems will be worked out to stress the usefulness and importance 


of such a technique. Consider as previously discussed the following system 


IN 
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for which the root locus is: 





Upon this root locus, it cam be noted that Je and Wo define the 
E 


location of the roots of the system before compensation. After compensation, 
it is desired perhaps to have the roots located at 5 = - a + jb which 


MEC 


is defined by f and W 


y 


The following indentities should be kept 


in mind 


$ 
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Since the root locus is a means of obtaining the roots of the 
characteristic equation, lets solve the characteristic equation for κ 


and notice the results. That is: 


B^ (KK e pea) a HK Kat PAS +K — — 


تع 


If the final position of the desired roots is 8 = - a + jb, and 


Ko 2 = -S (pro) “(Ki Ke + pel) +K, Ka 
5 - 


Ko Ka = Carb) Em) 
ἃ ہے‎ b) ( .. b) 
_K Kaet(a*-b +? 2b) 
(Esla )) 





Therefore, separating real and imaginary components 


Ku دم‎ = |+ -(ρ-οὃ + (KK, + Pet) 


م7۸۷ 
KKala-b)‏ _ 
(a eo)‏ 


+3 (- A + τρ) 


Ll 
چو وچہ]۰<ویسئ یی‎ rte 
= Qu ee 
(a +b>) 
However, since Κι is a gain quantity and must be a real number, the 


imaginary component must be zero and the only part of importance is the 


real term, Thus, solving for Κι in terms of the real part yields 


CK, = + ۵ AP rÀ +(K, ΩΡ 
a> +b~ 
E Mala Lo) ٠ E. 
ΚΙΣΩΝ 
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Y 7 ἡ 
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+ Wa oe Tou 
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* 





but the last term 


wa JAE, Ful Ku- teun 
— P t 


Y 
= So w LE -(\-f > 
en! 
a N 
W 


2 
Therefore M 


Ka Ka = Í Rm 7 ZI Wi X 


Wy 7 +2 | 


2 زر 


y 
ll 


iJ e. 


> 





,+ 000 
Kn Ary 
Γ᾽ (pra) K Wa = TEE 


2 
0 


* 
Κα κ - Û. K Ka ει. £ + ei j 
5 i ۱ UND αἰ 2j, 0 2( 1 7 


+ 
The above is the general expression regardless where the desired 
roots may be, (i.e., the roots in this case can be referred to the 
outer or the inner semi circle). 


By various manipulations, it can also be expressed as 


7 " --[Ῥ {οἱ 
Ko K, = <W + Gy + ape (ρ 13) τά 
W 2 un Way 


Y 


Now consider roots that be just on the outer semi circle. 


In thís case 


2T 





Κα Ka UNS (P +2) +o 14 2 -1)ل+‎ 2 


= Io Bar 2j. x 0 a 


If 5 is initially small then 


. 


| * | 
| Kak, = πα -p- 7h | 


To summarize the results of the preceding derivations, it can be noted 
that if the initial positions of the roots of the system are known having 
e and Di (These quantities are determined from the open loop gain 


L 
κ 9ئ‎ the motor pole P, KK, being equal to Wa while P 


t 
is equal to 2f Wa ), and the desired position of the roots after compensa- 
tion are known (J, W, , obtained from specifications) the gain in the 
feedback loop ΠΕΝ can be found for each compensator pole used, It 
should be noted that for the best results, the compensator pole should be 
kept close to origin as possible, (the preferable value being ge G0 T Jr 

Realizing that this is true 4 procedure can be set up utilizing A 
nomogram whereby the necessary information can be selected very readily, 
and the essential gain easily calculated using the equatíons previously 
derived, 

Consider the following two nomograms which approximates the roots 


locus as pure circles and semi circles, One is for the outer semi circle 


having the origin as center and radius equal to We ; 
7 


58 





The other is for the inner circles which have the compensator pole 
as center and radius equal to the magnitude of the compensator pole. 


For derivation or proof of these facts see Appendix A. 
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Having these nomograms, the following procedure outlines what must be 
done, to obtain value of required (Κ.) gain in feedback loop to have 
roots in the desired location, 

Procedure 

1) Make scale correspond to your specific problem by changing value of 


P and of sọ that 


P 
- b s xX = -ACTUAL X 


GRAPH ACTUAL 2 
where X » ,l, .2, .3, etc, 
2) Note J » D4, K K of initial system before compensation. 
C ni “1 
3) κα. of the new roots, 
h) Select o, which is desired, 


Note that for best results X should be equal to ,l, 


5) Read off values of û, B 77 
ΤΝ 
6) a) Utilizing the general expression find K, required, 


b) Or if the roots are to be on the outer semi circle use 


Ka Ka 7 La -P E 


Note also that as X increases from ol, there will actually be some 
deviation from the pure círcles, These deviations were illustrated on 
the preceding pages. 


Consider the following examples 


a) Let je = 100 [S 2 1.0 E ο; - ./ 


It is desired to have roots at = = 5 when the motor pole 


1) Since P = 2 it coincides identically with P on graph and 


Ol = = ).۱) سیت‎ | 


بل6 





i m 8 ο 5 | O 
2) jJ: .ἰ UU, 10, sínce K, Kz 0 


3) Í - ο therefore if the roots are selected on the outer semi circle; 


& «(S1 - 5 κ... 


h) Therefore 
KaKa =Za-p- M 

lo- 2- .5 -T5 

Ku = . 075 


Thus a gain of .075 is necessary to have roots ef = ‚5 with the compen- 


M 


sator pole initially at .1. E 
For the same system with the compensator pole at ,3, the same value of 
gain is required, i.e., K, &, = 7.5 using the approximation formula, 


Using the general formula for 


Kaka = <W, 
C 





L 
A | 
+ AW, sap λα 
Je zx ο 2 u) 2 
za 
whereas previously if the general formula had been used for o = .l 


KK = 9 | 
Therefore it can be seen that the accurate answer can always be obtained 
with the general expression whereas the approximation formula yields just 
an approximation. 


For the system shown below find the gain required to have roots at 


JA = .6, and a fast response time. 
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100 


1) Since κ 


Ρ = 100 
graph 
2) Si=.3, wu,» 31.9 K Ka =100 


3) ول‎ 0 therefore if the roots are selected on outer semi circle 


where they should be for a fast response time, 


31.4 = لها 4( = )6)(31.4(- 4 


2- 
E du. > 2a ~p -af 
-2g-20 BEE 5 


صو 


5) NS - = = 6.65 


Instead of having to read the values of A, f. 3 Wy off the 
graph and using the equations already desired, a set of constant RK 
curves can be plotted on the nomogram so that the value of KE, and thus 
E, can be read off the curve directly, To give the reader an idea of 
what is implied here, consider the following nomogram with constant 
KK lines. Once this curve is obtained, one need only know the initial 
damping ratio Í and natural frequency Κλ, select the appropriate 

X for the compensator pole, and the location of the roots in order to 


find the value of Ka required directly from the curves., 
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So far the third root which is real has been completely eliminated 
from the discussion. However, its presence is important and must be 
taken into account in explaining the behavior of the system, 

When the acceleration feedback gain is relatively low (complex roots 
on outer semi circle) the real root will be very close to the compensator 
pole œ which happens to be a zero of the overall system function, 

Thus the effects of this root are almost completely cancelled out, 
When the gain is increased to such high values so as to have complex 
roots on the inner semi circle, the real root be very far out on the 
negative real axis, As a result, its effect will damp out rather rapidly. 
However, in spite of the cancellation in many respects of its impact on 
the system, it is still desirable to know the exact location of this 
real root, This way, an estimate of the degree of accuracy obtained 
neglecting its effects can be made. 


Consider once again the characteristic equation 
FA 
(5 +L) 5 * + ےج 5 م‎ Ka 





Ka =- = GOS ps + Ke) 


M S 2 


Let Ea jougen “ny is the final (or selected) natural 
frequency for the complex roots. Substitute, expand and consider. the real 


part only; 





ωπον“: 
(2+ 7 


-. Κι an 


31 = پا ہے bot‏ 


لا 
Ke = E CW), =P -οἱ xo X, s xp AGL KKK-‏ )1( 
z f "nr On E‏ 
In which K. K E ος are known from the system components‏ 
and a, b, a ας specified by selecting the desired root location on‏ 
the root locus. If the chosen root location is on the inner circle,‏ 


this equation must be used, but for a root location on the outer circular 


arc κ Ka = Wn i” = ny 


Ket AW. -P-L thw, κδρά c ufo b 
| τη " | 


and it is apparent that ος (٦ 9 and d are all small and 


may be neglected, Then 


69 





* Κα 5 3 (46, -φ) 


An alternate derivation of this latter equation is to note from the 


characteristic equation that 


Ka Ma + p +2 = — EN 


(2) £rom which Me -- Law, τ 12 — 
Ke 


and for f; 2 A with both e and Ys small and W, large this 


readily reduces to the above expression, X 
۱ 
It is interesting to note that combining (1) and (2) gives an 


exact expression for the location of the real root: 


Y; = “A Wy» OAK Ke + Apo ARES 


Un پا لگ‎ 
And if the complex roots lie on outer semi circles, 
2 
A] ا‎ rb | 
^ 
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TO 


uc 
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Thus, from this nomogram the required values of Ka of can be 
) 
obtained for any set of complex roots. Also enough information will be 


available to find the exact position of the third real root, 
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CHAPTER FOUR 
ACCELERATION FEEDBACK APPLIED TO THIRD 
AND HIGHER ORDER SYSTEM 

Most control systems are at least third order, therefore a discussion 
of acceleration feedback compensation would be incomplete, if higher order 
systems were ignored, With these systems it is not likely that a general 
conclusion regarding the effect of acceleration feedback will be reached, 
as it was the second order system. One reason for this lack of generality 
is thet the feedback loop need not enclose all of the poles of the forward 
loop. The effect of acceleration feedback will then be different for each 
feedback loop selected, However, the techniques already presented will 
make a quick analysis of these higher order systems worthwhile. In this 
way, it can be seen rather rapidly if this type of compensation will be 
useful in obtaining the desired results when placed in several different 
feedback paths. 

Before starting the discussion pertaining to these higher order systems, 
it should be pointed out that if the real root of a third order system is 
large enough to neglect, approximation by second order system calculations 
may be adequate, 


Consider the following third order system, 
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$ 


which has approximate acceleration feedback compensation in a feedback 


loop that encloses all of the poles of the forward loop. 


The characteristic equation of the initial third order system, before 


compensation can be expressed as 


l+ KGH = O 
| + KK, Ko T 
s(s+p)(S+P,) 


or more commonly 


+ κ, 4. K Km = 0 
s( 0. S UE) 





where because of high gain the initial roots lie in the right half plane, 


giving an unstable system to start with. That is, the root locations 


before compensation are 
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Employing this type of compensation, and the techniques previously 


expressed in reducing the system to a compensator in cascade with the 


overall system, the following is obtained, 










Krorau 


(54 R3 s*— 2 fu, 5,7) 





ai = K, Ka Ke M n 


s" 2f seus O‏ ليود لابق ممه 


šo that |+ KGH = |t Ka KroraLs = 


Srs + RI — Su, s — 
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therefore 


(a. 
QU 


Approximate acceleration feedback may work if the asymptote is in the left 
half plane, for in this case a pair of complex roots with relatively low 
0, ٥ probably be made to dominate, Note also in this case, that in 
order to insure stability of the system after compensation, the compensator 
pole œ, must be placed near the origin, If it wasn' t, the following 


root locus would result and it is apparent that the system would still be 


unstable, 


" 





(AN 
رت‎ 


In the first case, it can be seen that this type of compensation may 
make the system not only stable, but place the roots at a desired 
location, if the acceleration feedback gain is high enough. This case 
looks rather interesting, for it will be noted that as the gain is in- 
creased, one set of roots (those furtherest out from the origin) are 
moved from the right half plane making the system stable, At the same 
time, the nearest set of complex roots gets closer and closer to the 
origin, traveling along what might be perhaps a pure circle, It may 
turn out that the gain can be selected at such a value that the nearest 


set of complex roots can be set at desired locations, and the effect 
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of those farther out can be neglected. It should be pointed out also 
that for any third order system having the compensator in this feedback 
loop, a general rule may be obtained for the positioning of the compensator 
pole and the selection of the approximate gain, 

To illustrate this point the following examples are presented, 


Consider the following system; 
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Let (5 x ceo ( $45) 
and K Ki Ko ك 2 | 5 سک‎ 


so that the characteristic equation of the initial system is 


Eken = \+ 124 = 0 
s(s?+4s +8) 








Then from the root locus plot it can be seen that the initial roots of 
the system are located at. s»=- 6, + 1 E j 4.5. The complex roots’ 


presence in the right half of the s plane indicates instability. 
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After compensation letting c = 1.0, the root locus can be obtained, 

As it can be seen from the root locus, as κ is increased the system will 
be made stable, and if it is desired to place the inner set of complex 
roots between F = ,72 and S = ‚15 the other roots will be comparatively 
further from the origin. However, the effect of these outer roots may be 
troublesome. 

| As another example, consider the case where the initial third real 
root lies very close to the origin. That is, for illustrative purposes let 
the initial roots (the roots of the uncompensated system) be located at 
δα - ο 8. - (+ 2H j 5. Picking the feedback loop so as to enclose all 
of the feed forward poles once again, the characteristic equation is 

Km K a 5 $ 
)تاملا و‎ s3 FIS wpa WES + Kronan) 

The root locus of this compensated system can be seen to be on the 
following figure, It should be remembered that since the asymptote angle 
is 60°, in order for this system to be stable the value of œ< should be 
selected so as to insure that the root locus will come into the left half 
plane, The next thing to consider is the value of PTT κ that will 
provide first of all stability and then dominance of the nearer complex 
roots, 

As can be seen from the root locus, as Ka is increased the system will 
be made stable and the desired root location may be selected, The effect 
of the outer roots may be troublesome here also, 


If the feedback loop did not enclose all of the poles of the original 


system. 


81 





7 E 
ppp DOR (ME 898 
do | Eu 
Leer T 


AT 
EEE iE 


A- τα. HA 
ep 1 T 
: ل‎ — ret 
ace 
t 


* 


^l 1 2 4 
dan 
6 HH 
, 
: pd r^ 


X 


Ens 


ISTE 


| | 

EE 

+ - 5 FEFE τ 
ΓΕ’ 

Pa 
> ES 

8 L| 

hour 


Fi 


a 
SE 


1 
y 


T! ... 
τι r 
WE t 
1 
— ᾱ. 
+ 


نے 











his may be possible for some electronic system where it is permissible to utilize 


| 
he shown feedback path, If the initial roots existed in the same locations as 


»éfore, the new resultant characteristic equation can be determined 






Km(S+ 0) 
S(s+ (54ο τ Kr 





Ea = is ἕν Κα 5. (διῶ 
+ | ك‎ (s+0) +b) + Kr | 
S 


Roots of mir SYSTEM 
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so that 


0 
Nak 
9 


In the above case, one might surmise that there will be many cases 
where the root locus will never come into LHP leaving the system always 
unstable, On the other hand if oO could be placed close to the origin, 
then the root locus can reasonably be gönsidered stable if the gain Κι can 
be made high enough. In the cease also, it can be seen that the complex 
roots can be made dominant if the gain is high enough. However, one problem 
that might arise in this case is that the complex roots may have a damping 
ratio f that is too low causing a highly oscillatory system, Thus even 


though the system may be stable, its performance would be undesirable. 





HIGHER ORDER SYSTEMS 


The same technique may be applied to linear system of any order, 
The choice of a compensation path depends on the specific application, 
but need not enclose all of the forward path poles. With this in mind 
consider the following fourth order system, Immediately the choices for 
feedback paths more numerous then for any system previously discussed. 
These choices vill, of course, increase as even higher order systems are 


used, 
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The above system has an initial characteristic equation of the form 


s( ssa) (s** 2fo, 50, ον 


m (s+b)(sıC) - s?+2jw, St De 


= K, a Ka μα 


5 K TOTAL 
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As is illustrated in the sketch for the root locus of this system 
without compensation, the system is definitely unstable, Employing 


compensation so that all the feed-forward poles are enclosed will yield 


\+KCH ۔‎ Vr Ke Kr a ΞΟ 
5 (5 +a) (S+ )(ه‎ 52+ 2y, s + ως) 


J 
The system can be made stable as long as the compensator pole and 


acceleration feedback gain K are selected large enough, If possibility 


#2 is explored the resultant characteristic equation is 
0 | 
١د‎ KOR = Ke K K, Kz, $ SEES =O 


(S +١ E CMT bX se) + Kr 
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In this case, the system will remain unstable in spite of the presence 


of the compensator, ? 





Finally if the third possibility is selected, the characteristic eq- 


uation of the compensated system will be 


It KGH = Ir Kahn ss κο 
s(s«cXs* bye +K 6 +2) 





so that 


om 
|) سر‎ 





the system will remain unstable in this case also. 

In the preceding illustrations, it was hoped that perhaps some general 
rule could be worked out, however this is difficult for the higher order 
system, It is believed however that the type of compensation developed 
in this thesis will be an aid in the compensation of many higher order 
systems. For these systems, the effects of this compensator can be 
checked rather easily, and will be unique for each system and each feed- 
fack path selected for the compensator, In this chapter the higher order 
systems mentioned and analyzed were the third and fourth order. The 
expansion of this analysis to even higher order systems can be made without 
difficulty, but since the importance of such an analyses would be warranted 


only for specific system, it is not presented here, 
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APPENDIX A 
DETERMINATION OF BREAKAWAY POINTS AND ESTABLISHMENT » 


OF ROOT LOCUS FOR THE COMPENSATED SECOND ORDER 
SYSTEM 


In inserting a filter in the feedback loop and feeding the output of 
a first derivative device into it, the characteristic transfer function 


of the feedback loop becomes 


2 
Ka S 


KG (S+a >) 


FEEDBACK LOOP 





So that if a second order system is considered of the form 





the characteristic equation is: 


I+KCH = \+ Kake s - 
qe + 5 KI) 


This gives the zero and pole configuration shown below 
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EN 
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x 


If the breakaway point is desired there are several ways it may be 
obtained. One method is to consider the fact that the plot of gain 
versus distance from the origin ( in the negative real axis direction 
only) yields.a maximum gain at breakaway points and a minimum gain at 


the break-in points. That is, since 


Cha AT ROOTS = wir ع0‎ Pue Distances 


Provucr Or Zero Distances 


where by pole and zero distance it is meant the distance from the considered 
root to the respective pole or zero, 


Consider the simple case where the pole--zero configuration is 
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A plot of Gain (of roots) versus distance from origin will yield 





3 لدي 


and breakaway will occur at maximum gain, 


For the zero-pole configuration shown below 





The gain (of roots) plot will yield 


> 


which clearly illustrates that maximum gain indicates breakaway points 
- * 
whereas minimum gain indicates breaking points, 
Now utilizing this idea consider the zero, - pole configuration of 


interest once again to determine the limiting case as far as the breakaway 


point is concerned, 





93 





With the distances from the origin designated by the letters indicated 


above, it follows, 


` GaN 2 Ke = (B-x)4* 
B^ 


: 8) 2 leo] 
* g*( e-x) [6-9 τωρ | 


)3 ®( 62 تم ے کال .ه 


b 
p: 2. 2 B -B-A DB 
(8-2) EE | 


dK _ 2(B-*(8-2) 
dD D 
4 (ο Qa we ١ Ba ze 


a 





ae 


eK = 22 |B -(e +x) © a ex [56 2ہ‎ Beer ا‎ 
6 — + — 1 
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$ 


a 
A 


| 


To find maximum gain set ΞΟ 


a 
0 


Bx. s TEE +2 (2ه‎ + 2| (82a. Pd- ter 
+ (2*7) 2x B= 0 


This will give the following general expression 


g^ - B| ¿Fey 2ex | + (@? 103 2xB = 0 


The roots of this equation will yield the desired breakaway points, There 
are several methods available to find these roots, but the root locus is 
perhaps the easiest, Therefore the roots depicted on root locus diagram 
are the locations of the breakaway points. If these roots are complex 


conjugates, the breakaway points are nonexistent, 
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Therefore 
G E ΩΝ 2x D A 
BY -B* | etew,? +2ex | 


Ax و‎ D m. d 
ne E =. (¿rw? «2e3)| 


Taking a specific example to illustrate the method to be employed, let 


2 


(9%, w,)- 2. = ندا‎ 


This condition sets the initial roots at fixed locations 
>» اہ ے‎ ET ۱ 
If this is true, the general expression becomes 
چک‎  .. ——— 1 
B*| B* - 2x - 2| 


And since we know that X will always lie in the LHP (i.e., have a negative 


value) 


T ο κ» R 4 
ΒΞ | B+ (2x -2) | 
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δ΄ | B t ۶ 


> يك‎ zx 22. 


Then depending on the value of 4X, the roots of this equation can 
be found. These roots will enable one to see if there is a breakaway 


point; and if there is, it will yield its exact location, 


9 





If the breakaway point lies to the right of 2/2 
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HE- — MEI 26-8( (6-8 ےج اہ‎ 
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This gives the sums expression as was obtained before, 


That is, 


9^. » | e^? "20x | +6 | 2r (25) 6 


Therefore 


B| 27 (22020)! 


Db? | ο. - 240.) + 24 





For the case of interest, it is expected that the breakaway points 
will indicate that the root locus consists of pure semi-circles having  » 
the origin at the center of the circle and radius equal to initial w , 
and circles having the compensator pole as the center and radius equal to 


distance of compensator pole from origin. To prove this true or indicate 


the deviation from what is expected, the following analysis was performed, 





Examples to prove locii are pure circles: 
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a, 
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For a gain of 10 the roots of the general expression which hold for both 
B> and B, gives the following roots; 8 = 1.16, + م7.16‎ + 2. 


Since positive numbers were used, B_ = 7.16, B, = .2. These results 


are very close to those expected, 


C lb X= z | 
ase 1b) 40, 6- LO Wo, es. TOT 


to BEIB? -20x (huy | (e) 2 


τν - 2.35" TO O 
49 
BL BF 2.2] 
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κα. 5 r22 


For gain of b, B = 1.41 and B, = .2. Therefore this checks also. 


i 
Case 2a) of = 10 G sane Wes NA fae 


ο + y 1 2 | ας νο) 2x $70 
م ب 4م‎ | -52 41005 20 


1005 5 .. 
py - 521% 





Lor Gan of ١ 6 
ns 54 TOYS < 2,۱ 
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his will give a root locus of the form: 


سے 
سے 
سے 


PURE 
— ` ORUE 
7 Ν 
7 M 
/ \ 
5,4 ۱ 
/ 
A 
\ 
N 
N 
I 






This proves that as له‎ m farther from the origin the locus must devíate some- 
what from a semi circle for the outer locus, however for the inner locus the result 


is still olose to a circle of radius = X with A the center of this circle, 
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Case 2b) o - /,0 ۱ @ = bO We: 139 SL: 07 
Q^ w^ E Jg x (ο + rw” 2D ° 0 
B*-49^.48-0 


ὋΝ... 
“RA | 5’ -4| 


For gain of 4, the roots are complex 


giving 


IN 
Y 





which proves that the breakaway point does not exist since the roots are 
complex, 

This checks out with what is expected and with the theory given 
previously, 


Finally consider Case 3a) «/- 50 | 
— سے‎ Y^ 0 ον. h 0 
ر‎ © pe s 


Bt + Bo E - Garw) | + (rw) ع2‎ 5 - 6 
qe — Ὅς Sr 2L T6; 2G 


25 — 


— 
— 


D | 8-3] 





T o ^ 


For gain of 2, B =B, = .855 


105 





Therefore 


‚855 


` 
This illustrates limiting case for breakaway point. 


Thus the results indicate that the expected semi circles and circles 
will closely approximate the root locus under study. However, if OX 
is greater than (0.5) P/2, this is no longer true. As a matter of fact, 
there is a maximum deviation of 5$ in letting OC increase from (0.1) P/e 
to (0.5) P/2. The following figures indicate clearly these deviations, 
The data to plot these curves was obtained by utilizing the digital com- 
puters ود‎ ka the program specified in APPENDIX C. 

To further prove that thís type of analysis will yield the correct 


value for the breakaway points, consider the following examples. 
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K = *(3.- Ss, -D 2 B- b em م+‎ 5 


(5 -8( G-B) 
κ l 2 
E E Ses -2w eg) | S ERGA we 
(z-" 
b UT dK EO 


i 


107 








A u. 2% +8 |32 πο. CY 


= dK 
* 7 | ae 


MS 
B* ) -28 +32 +P, +f» | 


a) If positive numbers are used 


E n:20, ا‎ 20 2 - 3 


) 


| + 66 [B-a] 








To illustrate further, let م‎ 
۱ 


= 5 ΤΌ zz- -10 


7 (S +1. \) 
B^ (B + 24) 





Complex roots are obtained in this case whieh means breakaway point between 


P, and Z does not exist. 


O 
οο 


YU 
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b) 


E 
P, > -20 Ax إاك. +5 | ناما‎ wt 
B. 8*[8 «5| 


Therefore the same answer is obtained only with a reversal of sign 


which indicates the breakaway point will lie between 7 and P, in the LHP, 


i 


B) for breakaway between P, and P, 


Κ -Ῥ(ϱ,-Ὀγο-ρὴ 
| — 
(b - 2) 
dK » ο aer (Bl) wi 
BEEN LL ere 308 
ES 
ae EE «νο τὶ 
+ fp z 


Os l+ Ὁ L22(.-0) +225 (Πλ) 
a |- 28 + (32 +P.-P,) 
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Comparing this with (I-2), the only difference is in the sign of the 


summation of P, and P,. Therefore the case where ine =2 r - END 
١ ) 25 


2 
6 22. -3 


| د‎ 54( o + 1,03) 
e ( Ὁ + 14,5) 





Root occur at - 4 and - 9. 


Thus all three breakaway points for this problem have been obtained 
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From the previous examples, it has been proven that a breakaway point or 
several breakaway points can be found by solving the expression of gain 
along the real axis in terms of B (the breakaway point), differentiating 
it, setting it equal to zero and solving for the real roots of this re- 
sulting equation. If the breakaway points exist they will show up as 
real roots; if they don't exist, all roots in that section will be complex. 
It should be pointed out that each segment on the root locus that may 
contain a breakaway point must be analyzed separately since the reversal 


of the vectors may alter the expression of another section. 
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APPENDIX B 
ANALOGUE COMPUTER SIMULATION OF COMPENSATION PROBLEM: 
, TO OBTAIN TRANSIENT RESPONSE, CHARACTERISTICS 

In the following díscussion, the methods employed in simulating the 
actual system utilizing the analogue computer will be illustrated; a 
comparison between the transient response obtaíned with thís set up and 
one obtained mathematically will be made (to illustrate the validity of ? 
the answers obtained using this set up), and finally the results of a 
study of the transient response characteristics for the compensated 
system varying the initial damping ratio ( Se ) and, the compensator 
pole, ( X, ) will be presented. 

Referring to the system of interest it will now be shown how an 
analogue computer can be utilized to illustrate its transient character- 
istics, The method to be employed is frequently called the "transfer 
function method of simulation, 


Taking: 





۸+ Γη 
| Cx | 

K S 
| "nas 
E. 
Ed 
Lo ta, 
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3) 


Where 


and 





KK, 


| 
τίς 


Utilizing the transfer function method, it will be noted: 





ol = 


can be obtained A a summer whereby 


το 
k. 
= -Ke; 


can be obtained from the following 





since 


| 


— — 








can be obtained using just an integrator of the form 


.. 
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C, 


4) Finally since 


— 








but © = B. ox 
therefore 
E. usce Grae — 
+9 να پل‎ 


B 5 Ein 
S + oL 


This can be obtained using the following 
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Using this setup, consider the possibility of obtaining a general 
expression for the differential equation of the uncompensated and 
compensated systems in terms of the parameters of the analogue computer 
(i.e., potentiometer setting, as well as resistance and capacitor values). 
If thís can be accomplished, any initial second order system can be 
readily simulated and the resultant differential equation of the com- 


pensated system can be readily obtained, 


To achíeve this end, refer back to the actual analogue computer 


setup. It will be noted for the uncompensated system that 





where [ο 





A4 = WA \ 
R dq + Ka B 


therefore 
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RIS RR, e e S E 
+ R, y EC > e, 


+ G7 Ae Go RR. So 7 


Ga ορ و‎ 
+ A. €, + Ay Ge Gio Ney 
Ra Co RRs Rio Cro Cg 


which corresponds to 


© + 2Sw, & + W 


= 


Therefore 


"> - vt 


w,* _ Ar å g Cio Ki 
Ky Re Rio Cie Ce 


! 


This then is the desired general expression for the uncompensated system, 
Now given the equation of the initial system, the appropriate values for 
the computer parameters can be selected to represent this equation and 
allow the computer's amplifiers to remain in the unsaturated region. 
This will not only allow proper simulation, but permits accurate results 
to be obtained, 

Performing this same type of analysis on the compensated system, the 


following results: 
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2) 


3) 


For the compensated system: 


2 T. Lo A 
5 τὰ 
A. Ke Ix = 


B= 4% e 
lee) 


(, - as Ke. D 
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6) D E 0 E: کے‎ 1 42 > 
Ss RO Ss RC 
7) = FE S τ EN Es 
o 


Then solving for A in terms of the computer parameters using the above 


seven equations, the following results are obtained 


From (6) ۱ νύ; - m B E 
ڈیب یک‎ Ed στ εξ 





OR 
> 2 ايه‎ E 
X ( SRC 2١ 
From (5) 





D-| “sete - 6 یا‎ — 
Ra Ky R, RRR, e 2 
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but from (4) 
C = As RD - ا ا‎ o, f 
R, ہے‎ OR (Ra) 


and from (1) and (2) 


j 


ےا 


0 





-| م 


κ ag B = An 8 
wA (a, +R, Ce 5 Rg N 


Therefore by substituting in the expressions for B and C those con- 


PTT : e 
taining e , separating all coefficients of e, e”, e and e to 
0 0 0 0 0 


one side of the equation, the following result is obtained 


E^ 


Ry dg + KG a, } Na KAA E )‏ با 
Ri Ry Ry‏ 


t e. QS + e R Q4Q κ 8٦ 
Cz Ry Ry 


τα E” 4 dg 
a MS. ση 


121 





e8 © 
Letting e, have a coefficient of unity yields 


990 


C. | 
5 e. C Ra, e f Cg 4, - An Ag ky N, Az 
Ry Cy C, Ky Ce Ry Ry Ns 


+ @\ S44 + 44,4 ag Re, 
O, AO 


t e| Aro dq Ag Ay Nes 


Ca Rio Ra 0و‎ 


Therefore, for this particular system in order for the computer to 


properly simulate its response its characteristic equation 


E + (wae + p+) S^ (KK τροὸ 5 Ἔ Ki Koa 


provides 
EA 
Ka Wa + pra = Qu As Rys Ñ, s 7 ٥ § 2 
Cg u Ru Rs Ra Col B, 
ء۹‎ + 04 — Og Ay + Yo q, ἂρ κ 


Ke Cg CR, l Ro Oy R Ky Cy 


Aro Gray A, πει 


κ κια = 
"a απο C G 
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To consider briefly what must be changed to effectively move eL ) 
the compensator pole or ( Se ) the initial damping ratio 
Note 
1) If it is desired to change the position of of  - change 
tenti t tti 
potentiometer settings Qo & An 

' - Ἱ IT 

A 7 = Q, = 2 Γι 


p 


2) If it is desired to change KK, (which will move initial roots up 


or down to get new Je ) - change potentiometer settings d1 „A, 


Since 


KK, = 11 Ag Aro سو‎ oe 
Ky Kg Rio on Ce 


3) If it is desired to change the location of the motor pole 'P' 


change potentiometer setting Ag 


At this point, it is appropriate to illustrate the fact that the 
results obtained using this setup are well within the degree of accuracy 
desired and correspond closely to expected values, A mathematical solution 
will be presented first and then the results obtained using the analogue 


computer will be checked with it. 
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Example #1 

Consider the case where it is desired to obtain the transient re- 
sponse of a second order system compensated using acceleration feedback, 
Initially, the roots of the second order system are at S = - | 5 j 3 
which implies an initial f z „3l. However, it is desired to have the 

+ 

roots of the system at S = - 1.5 - ( 2.8 so that 4 = ,5l. If the 
pole p = 2,0 and cZ_ is selected to be 0.1, what will the transient 


response be? 





Initially the characteristic equation is: 


2. = 
ps ο ο ο ۳ € Aw, ٔ ων 


where 


AaSw, = 2 Wp = ο. 


But to have roots at desired locations using acceleration feedback, the 
appropriate gain at the roots can be obtained from the root locus dis- 
cussed on Appendix A. 
It is found that 
Gain at complex roots = .936 
With this value of gain the third root of the compensated system 


can be found, This root is real and equal to O.101, 
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Multiplying these roots will yield the new characteristic equation from 


which the system function can be found and the transient response calculated, 


matis (5 +1.5 +1 2.8()5 +15- 13 101) 


equals 5? m 5.10 s y ۲۰۶۰۰ 2 “ 
This checks with what is expected since 
يي »ا‎ = 1.02 Ap 95 
KW = 102 Ka = 104-2 
= 10.2 


This agreed with coefficients used in the characteristic equation, 


The system function is then noted to be 


eee Me ADT 
O, S Ka Gr pres (I as pas + کيا کا‎ 


: ο. )5 + ‚\oo ) 
)5+ 1.5 + ز‎ 9/5 LS - 2X S 1610) 


If G. = 7 (that is, a step function) the transient response 


can be obtained using the residue theorem, This results in the following: 


— > ۔‎ ٣۶۴ 
e. - Y + 1146 e cos(2.8t y 151,8) - 05 


Substituting in value for tíme yields the transient response, 
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Now consider the solution obtained utilizing the computer, 


Remembering that the general expression for the uncompensated system 


yields 


0 
A he πο 
۹ 


0g Πο R‏ 20004 كن 
R, Ry Rio Cw Cy‏ 


The initial characteristic equation of the system is; 


0 = وکا :کا + ps‏ + 


so that 





ή = = = E 
and i Y á Re Cy 


Wyre KK, = Orbe bok, Lus 


f Re Ryo 5 Ce 
If Co = QA and Ro: 10 


Qe = 5 


Ra: 1.0 R "۰ 9+ +٠ 
C. - GG Co ae 

and if Q7 د »6 ع0‎ > O47 
Klo: 16 


Ur E ا‎ 0.047 2 ws 


This then will simulate the uncompensated system, To further prove that 

this simulation is achieved, the transient response of the uncompensated 

system is presented and it will be noted that the M(t) value corresponds 
exactly to that value expected for an initial Se = .3l. 
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After the system is connected up as it would be when compensated, 
the value of Ka ís then adjusted by variation of the appropriate poten- 
tiometer settings until the transient response obtained is exactly the 
same as the one acquired mathematically, If these potentiometer 
settings, when substituted in the general expression obtained for the 
compensated system, yield a characteristic equation equal to the one 
acquired mathematically, then this analogue computer setup can be con- 


sidered to properly and accurately simulate the compensation problem, 


Since 
Alo = 1 Ry = 1,00 Ro = 1.00 
Ar = ,311 Ro. = 1.00 Rg = 10ء‎ 
Ag = .311 Re] = 2.00 Ro = 10 
A, - 6 R, =a 0 R= , 10 
وھ‎ = ‚197 R, = .50 σι”) +9 
A11 = .060 Reo = 1,00 Rio x 1.00 
ἃς = .10 Cio = 6 
Res = 1,00 
Ες = 0ء‎ 
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are the values required to obtain the desired transient response 


ھ٥۰‎ 


a) K A pra = ο n «Re Ce, t Gu RN Gs 
Ka Co C, R, 


7 9 20 this checks 


b) K Ka t pA = O A, +] ¡e Ay Ag Kc 
Ka Cg CA, Ro Cro Ry Re Ce 


~ 
- 


= LOS 4 this checks 


c) Κάι Kao - τ 47 As NL. {ΤΙ 
Cro Rio Ra Ry COR 


= | 0 oe this checks 


This characteristic equation obtained from the computer setup being 


equal to the one acquired mathematically constitutes proof enough of 


the accuracy of this setup. 





The results of the variation of A and fe are to be presented and 
it will be noted, that as the gain in the acceleration feedback loop 
is increased, the transient response is not affected by the presence of 
the real root, As a matter of fact, if the gain can be made high enough 
a simple second order response is obtained since the real root is so far 


out on the negative real axis, 
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APPENDIX C 


The characteristic equation 
34 (K + تورم‎ + (K + pol (8 + K KX = 0 
ل‎ a E 1 E P 1 


was solved for different values of p, o, Kı Ky, etc., using a digital 
computer. The 1604 Model Computer produced by the Control Data Corporation 
was used. It provided answers rapidly and easily once the proper program 
was developed, 

The program itself which is given on the following pages in machine 
language is utilizing the Lin-Bairstow method for solving the roots of 


a polynomial equation, 


PROGRAM USED ON 1604 IN MACHINE LANGUAGE 


0 63000 200 63003 500 00000 
0 63001 754 63005 500 00000 
0 63002 760 63002 500 00000 
0 63003 

0 63004 760 63004 500 00000 
0 63005 750 00000 565 63142 
0 63006 505 00000 100 00000 
0 63007 205 63675 500 00000 
0 63010 545 00131 750 63007 
0 63011 120 63177 200 63410 
0 63012 200 63542 561 63140 
0 63013 572 63140 563 63141 
0 63014 57% 63141 523 63005 
0 6015 123 00001 513 00002 
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63016 
63017 
63020 
63021 
63022 
63023 
63024 
63025 
63026 
63027 
63030 
63031 
63032 
63033 
63034 
63035 
63036 
63037 


263 
610 


63005 
63143 
63076 
63120 
63122 
63143 
63103 
63046 
63034 
63035 


600 
610 


110 
610 


030 
610 
610 
110 
110 


50h 
330 


120 
150 


610 
>00 


203 
203 
203 
223 
201 
201 
320 
301 
200 
T20 
300 
500 
201 


301 
902 
T20 
512 


322 
312 
512 
512 


512 
330 


122 
512 
330 
300 
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63103 
63104 
63105 
63106 
63107 
63110 
63111 
63112 
63113 
63114 
63115 
63116 
63117 
63120 
63121 


63122 ΄ 


63123 
63124 
63125 
63126 
63127 
63130 
63131 
63132 
63133 
63134 
63135 
63136 
63137 
63140 
63141 
63142 
63143 
63144 
63145 
63146 
63147 
63150 
63151 
63152 
63153 
63154 
63155 
63156 
63157 
63160 
63161 
63162 
63163 
63164 
63165 
63166 
63167 


651 


150 


120 


120 
110 
100 
200 
200 
170 
OkO 
130 
330 
320 
130 


100 
120 
120 


145 


63206 
63206 
63207 
63207 
63201 


500 
750 
200 
750 
200 
501 
750 
750 
TOO 
750 


200 
330 
320 
223 
220 
500 
500 
120 
214 
100 
500 
750 
220 
220 
500 
204 
204 
502 


120 
200 
900 
203 
(50 
200 


600 
610 
200 
190 
130 
214 
120 
330 
200 
200 
330 
200 
TOO 
200 
223 


63106 
63206 
63110 
63207 


63117 
63044 
63201 


63002 


63201 
63200 
63204 
63155 
63126 


63204 
63677 


63145 
63140 
63136 


63677 
63676 


63200 
63215 


63145 
63214 


63154 
63153 


63037 
63205 
63676 
63124 
63410 
63171 
63172 
63410 
63173 
63130 
63204 
63155 





0 63170 750 63124 500 00000 
0 63171 

33734 745 ؛ 14431 200 612 0 
14407 713 61607 577 63173 0 
00002 000 00000 000 63174 0 
00001 000 00000 000 63175 0 
63176 0 

0 63177 200 14000 000 00000 
0 63200 200 24000 000 00000 
0 63201 175 0000 000 00000 
0 63202 200 24455 ho6 25126 
0 63203 

0 63204 

0 63205 577 61660 317 52411 
0 63206 

0 63207 173 67401 377 30510 
0 63210 

0 63211 

0 63212 176 64000 000 00000 
0 63213 175 0000 000 00000 
0 63214 200 21000 000 00000 
0 63215 200 24000 000 00000 
0 63216 750 00000 561 63241 
0 63217 220 63237 223 63216 
0 63220 500 00000 420 63245 
0 63221 050 00001 030 00045 
0 63222 223 63223 110 00002 
0 63223 110 03777 030 1 
0 63224 050 OOO 200 63250 
0 63225 44o 63246 010 00004 
0 63226 233 63227 010 00001 
0 63227 200 63251 140 63244 
0 63230 200 2 120 63243 
0 63231 270 63252 140 63242 
0 63232 501 00001 O40 00000 
0 63233 200 63252 120 63251 
0 632 34 270 63252 140 63252 
0 63235 010 1 551 63233 
0 63236 OlO 1 420 63250 
0 63237 320 63247 521 63216 
0 63240 511 00001 571 63241 
0 63241 501 00000 T50 00000 
0 63242 213 66405 014 47436 
0 63243 763 72106 436 47567 
0 63244 030 56173 527 71341 
0 63245 200 00000 000 00000 
0 63246 377 77777 TTT 74000 
0 63247 200 114000 000 00000 
0 

O * 63400 

STA O 00004‏ با8 
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